In this paper, we present fixed point theorems for a generalized Roger Hardy type F-contraction in metric-like spaces and also give some examples to illustrate the main results in this paper. Moreover the applications of second-order differential equations and fractional differential equations are shown. The existing results improve and extend the corresponding results in the literature.
Introduction and preliminaries
In Methews (1994) extended the concept of a metric space to a partial metric space and obtained many results in partial metric spaces. Indeed, the motivation for introducing the concept of a partial metric was to obtain appropriate mathematical models in the theory of computation and, in particular, to give the improvement of Banach's contraction principle. Afterwards, many authors have studied the existence and uniqueness of a fixed point for nonlinear mappings satisfying various contractive conditions in the setting of partial metric spaces.
PUBLIC INTEREST STATEMENT
Fixed point theory plays an important role in determining a solution to the nonlinear equation of the form Tx = x , where T is a self-mapping defined on a suitable subset K of metric spaces, normed linear spaces, topological vector spaces and some generalized spaces of metric spaces. Then a solution of this equation is called a fixed point of the mapping T on K. In this work, we focus the fixed point theorem of generalized mappings in metric-like spaces. Further, an example and an application are shown. Now, we recall some elementary results and basic definitions for our main results. In this paper, we denote ℕ, ℝ and ℝ + by the set of positive integers, the set of real numbers and the set of non negative real numbers, respectively. Definition 1.1 (Matthews, 1994) Let X be nonempty set and function p:X × X → ℝ + be a function satisfying the following conditions: for all x, y, z ∈ X, 
(p4) p(x, y) = p(x, z) + p(z, y) − p(z, z).
Then p is said to be a partial metric on X and a pair (X, p) is called a partial metric space.
A basic example of a partial metric space is the pair (X, p), where X = [0, ∞) and p(x, y) = max{x, y} for all x, y ∈ X. For more examples and of partial metric space see Matthews (1994) , Karapinar and Erhan (2011) , Shukla, Radenović, and Kadelburg (2014) , and references therein. Then a pair (X, ) is said to be a metric-like space.
Each metric-like on X generates a topology on X whose base is the family of open -balls It is easy to see that a metric space is a partial metric space and each partial metric space is a metric-like space, but the converse is not true as in the following examples: Example 1.3 (Amini Harandi, 2012) Let X = {0, 1} and :X × X → ℝ + be defined by Then (X, ) is a metric-like space, but it is not a partial metric space, since (0, 0) ≰ (0, 1).
Example 1.4 Let X = ℝ, k ≥ 0 and :X × X → ℝ + be defined by Then (X, ) is a metric-like space, but for k > 0, it is not a partial metric space, since (0, 0) ≰ (0, 1).
Lemma 1.5 (Aydi & Karapinar, 2015) Let (X, p) be a partial metric space. Then (a) {x n } is a Cauchy sequence in (X, p) iff it is a Cauchy sequence in the metric space (X, d p ), Harandi, 2012; Let (X, ) be a metric-like space. Then:
(1) A sequence {x n } in X converges to a point x ∈ X if lim n→∞ (x n , x) = (x, x). The sequence {x n } is said to be -Cauchy if lim n,m→∞ (x n , x m ) exists and is finite. The space (X, ) is called complete if for every -Cauchy sequence in {x n }, there exists x ∈ X such that (2) A sequence {x n } in (X, ) is said to be a 0--Cauchy sequence if lim n, m→∞ (x n , x m ) = 0. The space (X, ) is said to be 0--complete if every 0--Cauchy sequence in X converges (in ) to a point x ∈ X such that (x, x) = 0.
(3) A mapping T:X → X is continuous, if the following limits exist (finite) and Remark 1.7 (Amini Harandi, 2012) Let X = {0, 1}, (x, y) = 1 for all x, y ∈ X and x n = 1 for all n ∈ ℕ. Then it is obvious that x n → 0 and x n → 1, and so in metric-like space the limit of a convergent sequence is not necessarily unique.
Lemma 1.8 (Karapinar & Salimi, 2013) Let (X, ) be a metric-like space.
Remark 1.9 ) If a metric-like space is -complete, then it is 0--complete. The converse assertion does not hold as the example given below shows.
Example 1.10 Let X = [0, 1) ∩ ℚ and :X × X → ℝ + be defined by for all x, y ∈ X. Then (X, ) is a metric-like space. Note that (X, ) is not a partial metric space, as (1, 1) = 2 > 1 = (1, 0). Now, it is easy to see that (X, ) is a 0--complete metric-like space, while it is not a -complete metric-like space.
One of interesting generalized Banach's contractions is an F-contraction introduced by Wardowski (2012) as follows: 
(F3) There exists k ∈ (0, 1) such that lim
We denote with  the family of all functions F that satisfy the conditions (F1)-(F3). For examples of the function F the reader is referred to Wardowski (2012) and Secelean (2013) .
Definition 1.12 Let (X, d) be a metric space. A self-mapping T on X is called an F-contraction mapping if there exist F ∈  and ∈ ℝ + such that
After this F-contraction, some authors have studied some fixed point theorems for this contraction (see for examples Cosentino & Vetroa, 2014; Kumari & Panthi, 2016a , 2016b Piri & Kumam, 2014) . In Piri and Kumam (2014) proved some fixed point theorems for an F-
for all x, y ∈ X with Tx ≠ Ty, where F ∈ .
In the same year, Cosentino and Vetro (2014) introduce an F-contraction of Hardy-Rogers-type. They also give sufficient conditions for unique fixed point in order metric spaces. Definition 1.13 (Cosentino & Vetroa, 2014) Given (X, d) be a metric space and T:X → X be an F-contraction of Hardy-Rogers-type if there exists > 0 and F ∈  such that for all x, y ∈ X, where + + + 2 = 1, ≠ 1 and L ≥ 0.
Motivated by the significance of the problems mentioned above, in this paper, we introduce a generalized Roger Hardy type F-contraction and generalized Roger Hardy type Suzuki F-contraction in metric-like spaces. We also established and proved fixed point theorems in such spaces. Some examples for support main theorems are illustrated. Furthermore, applications of second-order differential equations and fractional differential equations are shown.
Main results
First, we introduce the generalized Roger Hardy type F-contraction mapping in a metric-like space.
Definition 2.1 Let (X, ) be a metric-like space. A mapping T:X → X is called a generalized Roger Hardy type F-contraction mapping, if there exist F ∈  and ∈ ℝ + such that for all x, y ∈ X and , , , , ≥ 0 with + + + 2 + 2 < 1.
Theorem 2.2 Let (X, ) be 0--complete metric-like spaces and T:X → X be a generalized Roger Hardy type F-contraction. Then T has a unique fixed point in X, either T or F is continuous.
(
Proof Let x 0 be an element in X. If Tx 0 = x 0 , then the proof is finished. We construct x n = T n x 0 and x n+1 = Tx n . If there exists n 0 ∈ {1, 2, …} such that right hand of (2.1) is 0 for x n = x n 0 −1 and y = x n 0 , then is clear that x n 0 −1 = x n 0 = Tx n 0 −1 , so the proof is completed. Now, we let x n+1 ≠ x n for all n ≥ 1 and
Since T is generalized Roger Hardy type F-contraction, we obtain
It follows that (2.2) and F is strictly increasing, then implies that
Since + + + 2 + 2 < 1, we deduce that 1 − − > 0 and so
Consequently
Similarly method shows that and so lim n→∞ F( n ) = −∞. Thus form (F2), we obtain Also from (F3), there exists k ∈ (0, 1) such that Now, it follows that
.
Letting n → ∞ in (2.3), we get From above (2.4), there exists n 1 ∈ ℕ such that n k n ≤ 1 for all n ≥ n 1 .
Therefore
Next, we will show that {x n } is an 0--Cauchy sequence, let m, n ∈ ℕ such that m > n ≥ n 1 . From (2.5) and property ( 3), we obtain By the convergence of P series
, and so as n → ∞, then (x n , x m ) → 0. Hence {x n } is an 0--Cauchy sequence in (X, ). From X is 0--complete metric-like space, there exists x * ∈ X such that lim n→∞ x n → x * ; equivalently, Now, if T is -continuous, we obtain from (2.7) that Therefore, x * is a fixed point of T. Now, suppose F is continuous. In this case, we claim that x * = Tx * . Assume the contrary, that is, x * ≠ Tx * . In this case, there exist an n 0 ∈ ℕ and a subsequence {x n k
(Otherwise, there exists n 1 ∈ ℕ such that x n = Tx * for all n ≥ n 1 , which implies that
we get
Passing n → ∞ in (2.9) and using F is continuous we obtain
(2.9)
(2.10)
From (2.10), the assumption is a contradiction. Therefore we claim is true, that is x * = Tx * . For the uniqueness fixed point of T, if x * , y * ∈ X be two distinct fixed point of T, this is Tx
, which is a contradiction. Therefore, the fixed point is unique.
Next we give example for support Theorem 2.2.
for all x, y ∈ X. Then (X, ) is a 0--complete metric-like space which is not -complete. Let T:X → X be mapping given by Tx = . Take F(t) = ln(t) + t and = ln 2, where t > 0. We will show that T is a generalized Roger Hardy type F-contraction with = 0.25, = 0.25, = = = 0.
Thus + + + 2 + 2 = 0.5 < 1.
Then for x > y and Hence, we get Similarly, for x = y ≠ 0 (otherwise (Tx, Ty) = 0) one gets that
+ (x, Ty) + (y, Tx)).
Therefore, all the conditions of Theorem 2.2 are satisfied. Then T has a unique fixed point which is 0.
Following Figures 1-3 for all x, y ∈ X and Δ(x, y) = (x, y) + (x, Tx) + (y, Ty) + (x, Ty) + (y, Tx) where , , , , ≥ 0 with + + + 2 + 2 < 1 and satisfying (Tx, Ty) > 0.
Theorem 2.5 Let (X, ) be a 0-complete metric-like space and T:X → X be a generalized Roger Hardy type F-Suzuki contraction. Then T has a unique fixed point in X.
Proof Let x 0 ∈ X and defined a sequence {x n } ∞ n=1 by
If there exists n ∈ ℕ such that (x n , Tx n ) = 0, so the proof is finished. Now, we assume that 0 < (x n , Tx n ) = (x n , x n+1 ) = n , for all n ∈ ℕ. Therefore which implies that Following (2.12) and F is strictly increasing, then implies that From + + + 2 + 2 < 1, we deduce that 1 − − > 0 and so Similarly method show that From (2.14), then lim n→∞ F( n ) = −∞. Thus from (F2) we obtain Also from (F3), there exists k ∈ (0, 1) such that
Now, it follows that
Letting n → ∞ in (2.15), we get From above (2.16), there exists n 1 ∈ ℕ such that n k n ≤ 1 for all n ≥ n 1 .
Therefore
Next, we will show that {x n } is a 0--Cauchy sequence, let m, n ∈ ℕ such that m > n ≥ n 1 . From (2.17) and property ( 3), we obtain
(2.14) , and so as n → ∞, then (x n , x m ) → 0. Hence {x n } is a 0--Cauchy sequence in (X, ). Since X is 0--complete metric-like space, there exists a x * ∈ X such that lim n→∞ x n → x * ; equivalently, 
(2.23)
It follows from (2.21), (2.22), (2.24) that This is a contradiction. Thus (2.20) true for all n ∈ ℕ, which implies that is true for all n ∈ ℕ or is true for all n ∈ ℕ.
In first case we consider From > 0 and (x n , Tx n ) < 2 (x n , x * ), this implies that
Following from (2.25), we get consequently From above letting n → ∞ and using (2.19) and condition (F2), we obtain
(2.25)
(1 − − ) (Tx n , Tx * ) < ( + 2 + 3 + 2 + 3 ) (x n , x * ),
For second case we consider
Following from (2.26), we get consequently From above letting n → ∞ and using (2.19) and condition (F2), we obtain
Hence x * is a fixed point of T. For the proof of the uniqueness fixed point of T is similarity Theorem 2.2. 
such that
Then T has unique fixed point in X.
(2.26)
which is 0 ≤ < 1 7
(3.1)
Then problem (3.1) has a unique solution u ∈ X = C(I, ℝ).
Proof Define the mapping T:X → X by for all x ∈ X and t ∈ T. Then the problem (3.1) is equivalent to finding a fixed point u of T in X. Let x, y ∈ X, we obtain
In the above equality, we used that for each t ∈ I, we have
(1 − t) and so sup t∈I , <
, <
G(t, s) ds
Following (3.6), we get where + + + 2 + 2 < 1. Taking the function F:ℝ + → ℝ in (3.7), where F(t) = ln(t), which is F ∈  , we get Therefore all hypothesis of Theorem 2.1 are satisfied, and so T has a unique fixed point u ∈ X, that is, the problem (3.1) has a unique solution u ∈ C 2 (I).
An application to fractional differential equations
Next, we apply Theorem 2.2 to establish the existence of solution of fractional order functional differential equation.
Consider the following initial valued problem (IVP for short) of the form where D is the standard Riemann-Liouville fractional derivative f :J × B → ℝ, ∈ B, (0) = 0 and B is called a phase space or state space satisfying some fundamental axioms (H-1, H-2, H-3) given below which were introduced by Hale and Kato (1978) . (1) y t is in B, 
(H-3) The space B is complete. [0, b] is continuous}. Therefore a function y ∈ Ω is called a solution of (3.8)-(3.9) if y satisfies the equation D s y(t) = f (t, y t ) on J, and the condition y(t) = (t)
The following lemma is crucial to prove our existence theorem for the problem (3.8)-(3.9).
Lemma 3.2 (see Delboso & Rodino, 1996) That the operator N has a fixed point is equivalent to P has a fixed point, and so we turn to proving that P has a fixed point. Indeed, consider z, z * ∈ C 0 . Then we have for all t ∈ [0, b].
Therefore i.e.
Suppose F ∈  where F(t) = ln(t) for all t ∈ ℝ + . Taking F to (3.11) we obtain where = e − . Suppose k 2 , k 3 , k 4 , k 5 is nonnegative constant with k 2 , k 3 , k 4 , k 5 < 1 7
. From above inequality we get s∈ [0, t] ‖z(s) − z * (s)‖ ds
11) (P(z), P(z * )) ≤ k 1 (z, z * ).
ln( (P(z), P(z * )) ≤ ln(e − k 1 (z, z * )))
